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Expected utility model revisited
Remember that our problem is to choose the best option among risky choices a1 , a2 , . . . .
So far, we have seen a model to solve it—the expected utility model
a∗ = argmax E[U (a)].
a∈{a1 ,a2 ,... }

Healthy questions are “Does this work?”, “When/Where?” or “Alternative models?”.
Any theory/model works only where its assumptions hold.
Most alternative models try to relax the linearity in probability
∑
E[U (x)] =
pi U (xi ).
i

But, there is no such thing as a free lunch. We must make a fundamental tradeoff in
modeling—fidelity to the phenomenon of question and abstraction for ease of analysis.
Let’s begin with the target of criticism, i.e. the linearity of preference in probability.

Linearity in probability and independence assumption
Given the risky choices a1 , a2 , a3 , for any α ∈ [0, 1],
a1 ≿ a2 ⇔ αa1 + (1 − α)a3 ≿ αa2 + (1 − α)a3 .
In words, taking a convex combination with another choice does not reverse the preference order. Intuitively, mixing another choice is irrelevant (hence, independence).
This assumption is responsible for the linearity of preferences in the space of probabilities, underpinning the expected utility model. The Allais paradox provides a case
when it is violated. But really, how are they connected? A key is convexity.
Suppose that a risky choice x takes three possible values: x1 < x2 < x3 with probabilities p1 , p2 , and p3 respectively. Let’s write p2 = 1 − p1 − p3 . Then, if we start with
the expected utility,
E[U (x)] =

3
∑

pi U (xi ) = p1 U (x1 ) + (1 − p1 − p3 )U (x2 ) + p3 U (x3 ),

i=1

it is, by definition, preferences are linear in probability. That is, an indifference curve
at u0 is linear in (p1 , p3 ) space:
u0 = E[U (x)]
⇔ u0 = p1 U (x1 ) + (1 − p1 − p3 )U (x2 ) + p3 U (x3 )
⇔ p3 = m + np1
1
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where

u0 − U (x2 )
U (x2 ) − U (x1 )
, n=
.
U (x3 ) − U (x2 )
U (x3 ) − U (x2 )
84 Risk Analysis in Theory and Practice
As usual, u0 determines the position of the curve. The following shows three curves
based on different u0 .
m=
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Figure 7.3a Indifference curves under the expected
utility (2004)
model
Source: Chavas
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(1)
1
is known as the Allais paradox (although it does not really involve any
for α ∈ (0, 1). But, the independence assumption requires
paradox).

a1 ∼ a21,
a1 ¼ receiving $1,000 with probability
a2 ¼ receiving $5,000 with
probability
a1 ≿
a2 and 0.10,
a2 ≿ a1
$1,000
with
probability
0.89,
⇔ αa1 + (1 − α)a1 ≿ αa1 + (1 − α)a2 and αa1 + (1 − α)a2 ≿ αa1 + (1 − α)a1
$0 with probability 0.01.
⇔
a1 ≿ αa1 + (1 − α)a2 and αa1 + (1 − α)a2 ≿ a1
Then choose between a3 ¼ receiving
$5,000 with probability 0.10,
⇔
(1 − α)a2 ∼
a1 ,
1 +probability
$0 αa
with
0.90,
probability
4 ¼ receiving $1,000
which is a acontradiction
to (1). with
Thus,
we must 0.11,
have the linearity. For more details,
$0
with
probability
0.89.
see section 6.B in Mas-Colell, Whinston, and Green (1995).
Choose between
⇔

Allais and others have found that, typically, a majority of individuals
prefer a1 over a2 , and a3 over a4 . However, this ranking is inconsistent with
the expected State
utility preference
model. To see
that, let U(0) ¼ 0, U(1000) ¼ u, and
approach
U(5000) ¼ 1. Then, under the expected utility model, choosing a1 over a2
If the linearity of preference in probability causes so much trouble, a natural question
implies
is “Can we do any risk analysis without probabilities?”
u > :10 þ (:89)u
2
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17A.10
Would my wife be interested in such an insurance policy? To analyze this, we can return
again to the graph of my wife’s consumption/utility relationship and find her expected utility
Marthis
8, insurance
2019 policy. In panel (a) of Graph 17.4,
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begin with the picture as before, with Yuji Saikai
point A indicating the relevant point under the “good” outcome and B indicating the relevant
point under the “bad” outcome assuming my wife has bought no life insurance on me. If she buys
the
insurance
policythat
with byou
⫽ $80,000
$20,000, the(x)
“good”
outcomeashifts
to state
point A($250)
p ⫽situation
Let’s
imagine
face aand
risky
involving
good
and a
1
while
the
“bad”
outcome
shifts
to
point
B
.
We
can
now
once
again
read
off
my
wife’s
expected
1
bad state ($10) with the probability of the bad state equal to δ = 0.25. So, E(x) = 190.

Suppose that you are risk averse and interested in buying an insurance that provides
Graph
17.4: benefit
Buying Actuarily
Fair aInsurance
a unit
of $80 for
unit premium of $20. How many units would you buy?

Part 3. Competitive Markets and the “Invisible Hand”

Nechybawhen
(2011)
Graph 17.7: Risk-Averse IndifferenceSource:
Curves
“Only Money Matters”
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actuarily fair insurance contracts. Adding indifference curves that go through points A, B, and C,
we see that my wife moves to higher and higher indifference curves as she purchases increasing
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It is a lot like the standard choice setting: ordinal utility, convex upper-contour set,
endowment, optimality at the tangency of an indifference curve and the constraint,
etc. Goods you consume here are called state-contingent commodities. The state
preference approach is a basis for general equilibrium analysis under uncertainty e.g.
Radner equilibrium. One thing to keep in mind is that each commodity is statecontingent and you experience only one of the states and therefore consume only one
of commodity, which is different from the standard consumption bundle (e.g. 250
apples and 10 oranges).
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